We consider mixtures of self-avoiding multiarm star polymers with hard colloids that are smaller than the star polymer size. By employing computer simulations, and by extending previous theoretical approaches, developed for the opposite limit of small star polymers [A. Jusufi et al., J. Phys.: Condens. Matter 13, 6177 (2001)], we coarse-grain the mixture by deriving an effective cross-interaction between the unlike species. The excellent agreement between theory and simulation for all size ratios examined demonstrates that the theoretical approaches developed for the colloidal limit can be successfully modified to maintain their validity also for the present case of the protein limit, in contrast to the situation for mixtures of colloids and linear polymers. We further analyze, on the basis of the derived interactions, the non-additivity parameter of the mixture as a function of size ratio and star functionality and delineate the regions in which we expect mixing as opposed to demixing behavior. Our results are relevant for the study of star-colloid nanocomposites and pave the way for further investigations of the structure and thermodynamics of the same.
I. INTRODUCTION
Mixtures of colloids and non-adsorbing polymers have been a topic of extensive and detailed investigations during the last two decades. [1] [2] [3] [4] The main focus of the research has been on the so-called colloid limit of these systems, for which the size ratio between the polymer coils and the colloidal particles (to be defined more precisely in what follows) is smaller or even much smaller than unity. For such cases, the approach of modeling the polymer coils as effective soft spheres, which mutually repel each other as well as the colloidal particles, is usually adopted. [5] [6] [7] [8] [9] As a result, an entropic depletion attraction emerges between the colloidal particles, which, under circumstances depending on the concentration and size ratio between the two components, can drive a macroscopic demixing transition in the system. 8 A great deal of work along these lines has been based on a simplified picture of ideal (i.e., non-interacting) polymers in the framework of the AsakuraOosawa model. [10] [11] [12] However, it has been demonstrated that quantitative agreement with experimental findings, both for the bulk and for the interfacial properties of such mixtures, requires a more accurate approach, in which the polymerpolymer and polymer-colloid interactions are taken into account in a realistic fashion. 8, 13, 14 As mentioned above, a parameter of crucial importance for the behavior of colloid-polymer (CP) mixtures is the size ratio q ≡ R g /R c between the polymers and the colloids, whereby R g is the gyration ratio of the former and R c denotes the radius of the latter, which are usually modeled as hard spheres. The term "colloid limit" usually refers to q < 1, whereas the opposite case, q > 1, is known (though not universally) as the protein limit. [15] [16] [17] [18] Considerably less work has been done in the protein limit, for good reasons: here, the polymer is a long chain when measured against the colloidal size, so that it cannot be modeled as a spherical globule that depletes the hard spheres. Accordingly, the approaches applied in this case are more involved: from the computational point of view, extensive simulations of long, self-avoiding walks on a lattice have been employed to study the phase behavior of the mixture, whereas the most successful and robust theoretical approach involves the PRISM-theory of Fuchs and Schweizer, 19 in which indeed a monomer-by-monomer resolution of the polymer chain is employed. Results on the phase behavior of CP mixtures in the protein limit have been compared also with those from experiments. 18 Closely related to the protein limit of CP mixtures is also the highly topical and rapidly developing field of polymer-colloid nanocomposites (PCN). 20 Here, small colloidal particles are used as additives ("fillers") in polymer melts and rubbers, and they can bring about dramatic changes in the microstructure of the composite, influencing as a result its macroscopic behavior, such as, e.g., its viscoelastic and mechanical properties. Much as in the case of the protein limit, the polymers of the matrix cannot be treated as soft spheres, and a microscopic theoretical approach is required, which is again provided by the PRISM theory. [21] [22] [23] Considerable emphasis has been put in determining the miscibility of the two components as well as the structural correlations between the fillers and their dependence on monomer-to-colloid affinity, which is a departure from the strict non-adsorbing case mentioned above. These and related issues have also been addressed experimentally, [24] [25] [26] [27] [28] and comparisons between experiment and theory have also been performed. 29 A system related to but also distinct from CP mixtures are star-polymer-colloidal mixtures. [30] [31] [32] Star polymers have a mixed character between polymers and colloids, approaching the latter as their arm number (functionality) f grows. 33 Two special features of multiarm star polymers render them clearly distinct from their linear counterparts: first, the topological constraint in their architecture, namely, that f polymer chains be covalently bonded on a single site, gives them an 0021-9606/2012/137(1)/014902/11/$30.00
© 2012 American Institute of Physics 137, 014902-1 overall compact, spherical shape. This shape, as well as the nature of stars as soft colloidal spheres, is maintained deeply inside the semi-dilute regime. 34, 35 Second, the fact that their effective interaction becomes stiffer as f grows. Accordingly, a wealth of phenomena related to crystallization 36 and the glass transition 37, 38 of star polymers bear striking similarities to those encountered in hard spheres, including polymerinduced melting 35, 37 and a multitude of glass transitions in star-polymer mixtures. 39, 40 When they act as depletants on hard colloids, low-functionality stars bring about depletion effects similar to those seen for CP mixtures in the colloidal limit, q < 1. [30] [31] [32] However, nothing is known about the behavior of star-polymer-colloid (SPC) mixtures in the protein or, as we prefer to term it, the nanocomposite limit, in which the stars are bigger than the colloids: q > 1. The purpose of this work is to lay the foundations for theoretical investigations on such SPC-nanocomposites by performing a coarsegraining of the mixture towards a mesoscopic description at the level of effective interactions. As the star-star and the colloid-colloid effective interactions are readily known, 33 the task lying ahead is to derive the cross-interaction between stars and colloids. To this end, we have extended a previous theoretical approach for SPC mixtures, set forward in the colloid limit, 6 to the nanocomposite limit, and we have also performed extensive, monomer-resolved computer simulations. We find remarkable, quantitative, and parameter-free agreement between the two for a large variety of parameters, which allows us to establish the star-colloid effective interactions in simple forms, and to thus complete the coarse-graining of the SPC-nanocomposite. In addition, we show how this effective interaction, together with the ones acting between like species, allows to make quantitative predictions about the miscibility of such nanocomposites.
The rest of this paper is structured as follows: we start by introducing in Sec. II the model and simulation methods and then describe in Sec. III the theoretical approach used to derive the effective star-colloid interaction. In Sec. IV, we discuss in detail the comparison between the effective potentials obtained with simulations and theoretical approach, the quantitative features of the effective interaction for q > 1 as opposed to the same for q < 1, and we derive the nonadditivity parameter that allows us to make quantitative predictions about the miscibility of star-colloid nanocomposites. Finally, in Sec. V, we summarize and draw our conclusions.
II. THE MODEL AND SIMULATION DETAILS
This work is exclusively concerned with the calculation of the star-colloid interaction potential, V SC (r), r being the center-to-center distance of the two particles, because the star-star effective interaction is known 33 and the colloid-colloid interaction is assumed to be of the hard-sphere type. To set the parameters of the problem, we consider a star with functionality f and with radius of gyration R g , as well as a colloidal particle of radius R c . The size ratio q is defined as
and, as stated in the Introduction, we focus exclusively on the case q > 1. We begin our description by introducing the microscopic model used to represent the star polymers on the monomer level and the colloids in our computer simulations, as well as the simulation technique itself.
In the off-lattice simulation, star polymers are made of f arms of N monomers (Kuhn segments) of size σ LJ each, grafted on a central anchoring point. The non-bonded interaction between any two of the Nf monomers in the star at a distance r between their centers is given by a purely repulsive and truncated Lennard-Jones potential, mimicking athermal solvent conditions,
where = k B T, with Boltzmann's constant k B and the absolute temperature T. The backbone of each arm is held together via a finite extensible nonlinear elastic (FENE) potential between neighboring monomers along the chain,
Here, R 0 is the maximum extension of the bond and it is chosen to have the value R 0 = 1.5σ LJ . All monomers interact with the colloid via a steeply diverging potential given by the expression
where R c is the radius of the colloid. To compute within Monte Carlo simulations the effective pair potentials V SC (r) between star polymers of any functionality f and the colloidal particles, we sample the equilibrium radial distribution functions g SC (r) between a single star and a single colloid in the simulation box, taking advantage of the fact that the two quantities are linked by the relation 44, 45 
In the case of big star polymers interacting with colloidal spheres, a direct sampling of the g SC (r) turns out to be an inadequate procedure to efficiently sample the effective interactions, especially for small distances between the centre of the star and the surface of the colloid. Therefore, to obtain effective potentials between star polymers and colloids of different size ratios, virtual move -parallel tempering Monte Carlo (VMPT-MC) simulations were performed. The VMPT-MC (Ref. 46 ) is a combination of the adaptive parallel tempering algorithm 48 and the waste recycling method developed by Frenkel; 47 it consists in iteratively building a biasing potential by using the information gathered in the rejected moves during a block of MC steps, to force the system to explore regions of the phase space that would otherwise have a very low probability to be reached. At the end of each block the bias potential is updated to improve the sampling of the next iteration. Every trial move is considered as a virtual move, whose weight is related to its accepting probability. If we use the symmetric acceptance rule for MC trial moves, then the weights P O of the original and P N of the new (trial) state in the sampling of virtual moves are given by
In the latter, E O → N (Q, T) indicates the variation of energy from the old to the new state sampled in the presence of the bias W , T is the temperature, and Q a collective variable that will be defined in the following. Further, W is iteratively built using the histograms of the states that have been sampled during the iterations,
Here, i is the iteration number, α ∈ [0, 1] is a value that we use to control the rate of convergence of W . The probability P i (Q, T ) of observing at iteration i a configuration with a specific value Q =Q of the order parameter is given by
where N is the number of MC steps per iteration, and P i O (Q, T ) and P i N (Q, T ) are defined in Eq. (9) below. At the end of every iteration, the probability P i (Q, T ) is set to zero. During the iterative steps used to build the bias, Eq. (6) appears as
since the energies sampled depend on the the bias W i−1 that has been built up to the iteration i.
The collective variable used in the present work to build the biasing potential is the distance r between the anchor point of the star and the center of the colloid. In this work we did not swap configurations of the system obtained at different temperatures, but rather considered a single temperature T. MC simulations were performed for stars with functionality f ∈ [18, 50] and arms made of N = 50 monomers, that was proven to be in the scaling limit for the potentials and models that we used. We only considered translational single particle moves for both the monomers of the star and the colloid. Each monomer of the star was moved 500 times before attempting a colloidal move, therefore every MC step consisted of 500(fN) + 1 single particle moves. All simulations ran for at least 10 4 MC steps, where all potentials were found to have converged to their final profiles. A large variety of colloidal sizes was used, all satisfying the constraint q > 1, and in what follows we will be showing representative results for selected parameter combinations, in comparison with theory. In Fig. 1 , a simulation snapshot of a big star polymer and a small colloid for a case in which the latter is placed close to the center of the former is shown.
FIG. 1. Simulation snapshot: a colloidal particle (red) interacting with a star polymer of functionality f = 50 (cyan). In this case, the size ratio is q = 12.48. The small red dot at the middle represents the center of the star, i.e., the common anchoring point of the f chains.
III. THEORETICAL APPROACH
In this section, we provide a generalization of the theoretical results of Ref. 6 , where effective potentials were derived for the case q < 1. The theory is hereby extended to arbitrary size ratios and in particular to the case q ≥ 1. The starting point of our considerations lies in considering the local osmotic pressure (s) in the interior of a multiarm star polymer, where s denotes the radial distance from the anchoring point of the chains to an arbitrary point in the star. Scaling considerations within the Daoud-Cotton model 41 lead to the result that there exists a length scale R S in the star, within which the macromolecule can be described as a semi-dilute polymer solution with a local segment concentration c(s) given by
Here, a stands for the segment/bond length andv ≡ v/a 3 for the dimensionless excluded volume parameter. The length scale R S , called the corona radius, has been found in a number of investigations 6, 33 to fulfill with high accuracy the relationship
For s > R S , the monomer density c(s) remains, of course, inhomogeneous but it is sufficiently low, so that there the theory of dilute polymer solutions can be applied. 42 The above considerations allow us to write down a closed expression for the local osmotic pressure (s) at an arbitrary distance s from the star center. For s ≤ R S , the known scaling law (c) ∼ c −9/4 , valid for semi-dilute polymer solutions, leads to a (s) ∼ s −3 scaling, whereas for s > R S the form of the osmotic pressure has been derived in Ref. 6 . Putting things together, (s) is given by the following equations in the two differing regions:
with the two free parameters and κ, which have been previously determined for a number of functionalities, 6 and whose numerical values are summarized in Table I . Note that lim f → ∞ (f) = 5/(36π ). The parameter ξ in Eq. (12) above is determined by the requirement that the pressure (s) be continuous at s = R S ,
The pioneering idea for obtaining the force between a star polymer and a hard object has been set forth by Pincus, 43 who considered the force acting between a star polymer and a hard, flat wall, as depicted in Fig. 2 . It has been proposed that the star-wall force, F SW (z), be obtained by integration of the normal component of the osmotic pressure, n (s), over the symmetry plane, F SW (z) = n (s)dA or, equivalently,
where z = s cos ϑ and y = z tan ϑ have been used to transform the y-integral into an integration over s in Eq. (14) above. This approach leads to the correct scaling behavior, F SW (z) ∼ f 3/2 /z for small star-wall separations z and the validity of the approximation has been established via comparisons with extensive simulations. 6 Nevertheless, the approach requires some further interpretation, in particular, as far as the notion of the normal component of the pressure is concerned. The pressure of an inhomogeneous fluid, such as the star interior, is of course a tensorial quantity, expressing both the normal and the shear forces that act on some arbitrarily oriented elementary surface dA in the interior of the fluid. Evidently, the entries of the tensor depend on the orientation of the surface and only in the special case of a homogeneous and isotropic fluid is this pressure tensor diagonal and has all its non-vanishing entries equal to one another for any orientation of the surface. Accordingly, an exact calculation of the elementary force dF ring (z) acting on the area element dA ring = 2π ydy of a ring of radius y on the wall [see Fig. 2 and Eq. (14)], would require knowledge of the whole pressure tensor inside the star. What Eq. (14) instead suggests, is 3 . A sketch of a star polymer (diffuse blue sphere) interacting with a colloidal particle (red sphere), also showing the geometry and the quantities entering into the calculation of the effective force.
an approximation of a different nature: it states that on the surface element dA = ydydφ there is a force acting in the radial direction from the star center, whose magnitude is equal to (s)dA, i.e.,
whereŝ andẑ are the unit vectors along the s-and z-directions, φ is the azimuthal angle and dF ⊥ is the elementary force perpendicular to the z-direction. Performing the φ-integration of Eq. (15) along a ring of radius y results into a vanishing perpendicular component by virtue of symmetry, yielding a force dF ring (z) = 2π (s) cos ϑydy that acts on this ring, and which is pointing along the z-direction. The total force F SW (z) follows then trivially by integrating dF ring (z) over y, Eq. (14) . This ansatz has been successfully generalized in Ref. 6 to slightly curved surfaces, i.e., to the case q < 1, in the spirit of the Derjaguin approximation. Here, we make the assumption that it can be employed for arbitrary curvatures of the colloids, i.e., also in the case q > 1 or even q 1. Though there is no a priori reason to expect that this is a valid assumption, we employ it as a working hypothesis and comparison with the simulation results will provide an a posteriori justification for it. The pertinent geometry is shown in Fig. 3 . As the colloidal particle is now smaller than the star, an insertion of it inside the star polymer means that the line pointing radially from the star center towards the colloid intersects the latter at two points, whose distance from the star center are s and s + t. Referring to Fig. 3 and using standard trigonometric identities, we obtain
which can be used to express the dependence of t on z, R c , and s,
In calculating now the effective star-colloid force F SC (z) = F SC (z)ẑ, according to the ansatz discussed above, we must take into account that the radial forces always act from the region where there the polymer lies, towards to the interior of the colloidal volume. As such, contributions from the regions for which the radial distance from the star center to the colloidal surface exceed s max in Fig. 3 will have a projection pointing towards the negative z axis. Accordingly, the force F SC (z) takes the form
(19) Equation (19) can be simplified by making use of the geometrical relations
to eliminate the variables θ and ϑ in favor of s. The result reads as
where we have defined the repulsive and attractive contributions to the force, F 1 (z) and F 2 (z), respectively, as the forces arising from the integration of (s) and of (s + t) in Eq. (22) above. Finally, s max is the distance between the center of the star and the tangential point to the surface of the colloid when the star is at a distance z from the colloid, and it is expressed as
The integral of Eq. (22), together with the expression for the osmotic pressure, Eq. (12), and with Eq. (18) form a complete set for the theoretical determination of the star-colloid effective force. The integrations have been performed numerically, although in Sec. IV we will also discuss some simple, analytical results that can be obtained in certain cases. The comparison with simulation results will also be presented there. In Fig. 4 we show some generic results on the dependence of the force on the center-to-surface separation between the star and the colloid for different size ratios q > 1, which allow us to obtain a preliminary understanding of its salient features. The forces are soft, they diverge as z → 0 and their range grows with colloidal size. Moreover, we see that the intuitive expectation of the behavior of the force as q grows is confirmed: it is easier for smaller colloids to penetrate within the star region, so that the effective force remains very low as q grows, until one reaches close approaches to the star center. The asymptotic behavior of the force with z and with q as z → 0 will be discussed in detail in Sec. IV.
IV. DISCUSSION AND COMPARISON TO SIMULATION
The theoretical effective force between a star polymer and a colloid, obtained by integrating the osmotic pressure exerted by the polymer star on the surface of the colloid, as explained in Sec. III above, can be readily integrated to yield the theoretical prediction for the effective potential V SC (z) between the two. This theoretical pair potential, can be compared to the one obtained by means of VMPT-MC simulations, to assess the validity of the theoretical approach over a wide range of values of functionality of the star and of size ratio between the star and the colloid. We have performed simulations for different functionalities f = 18, 30, 50 and various size ratios q, employing degrees of polymerization per arm N = 30 and N = 50, and we calculated the corresponding theoretical effective interactions to provide a comparison. Results are shown Figs. 5-7 below.
A comparison between the simulation and the theoretical results must take into account two important factors. First and foremost, the theory has been worked out in the scaling limit, in which the monomer number of the arms, N, is very large, so that any microscopic details of the star become irrelevant. In the simulation, although already in the scaling regime, this is not the case, since we work with moderate degrees of polymerization, N = 50 and N = 30. Accordingly, the core region of the star, in which the chains are stretched instead of having the statistics of a semi-dilute polymer solution, is comparable in size with the overall star size. This core region extends over distances of the order R core ∼ a √ f from the star center, 41 where a is the monomer size. When N 1, the gyration radius
.2 is obtained for the values of f used in this work. Accordingly, and in agreement with previous work, 6 in the simulation data, the center-to-surface separation z has to be shifted by an amount r d for a comparison with theory to be made. We found that a choice r d /R S ∼ = 0.15-0.25 (depending on f and growing with it), in full agreement with the above estimate of the core size, is sufficient to bring excellent agreement between the simulation and the theoretical results. Second, it should be noted that the corona radius R S is not directly measured in a simulation but rather the star gyration radius R g . Here, the relation of Eq. (11) 
The total center-to-surface effective force F SC (z) acting between a star polymer of functionality f = 18 and a smaller colloid, as well as the individual contributions F 1 (z) and F 2 (z) to it, according to Eq. (22) . Here, the size ratio between the star and the colloid is q = 15.
than the one used for the rest of the simulations in this work, stresses that in the simulation model star polymers with N = 50 monomers (Kuhn segments) per arm indeed lie in the scaling regime. Since the core size r d is not arbitrary but rather determined by scaling considerations of the star, it can be stated that the agreement between theory and simulation is parameter-free. In this sense, the theoretical approach is fully justified and it can be trusted to be true also for cases for which a simulation is computationally prohibitively expensive, i.e., N 1 and f 1. The effective force is soft and it becomes more and more reduced as q grows, which is a manifestation of the fact that small colloidal particles can penetrate more easily the interior of the star than large ones. Similar behavior has been found in Ref. 54 , where it was shown that spherical-brush colloidal particles with a sizeable hard core can deform and wrap around smaller colloids, the mutual repulsion increasing with f and decreasing with size ratio. The effect of decreasing colloid size for a given star size is twofold: on the one hand, the surface area of the colloid that is exposed to the osmotic pressure (s) giving rise to the repulsive force F 1 (z), Eq. (22), diminishes. On the other hand, the contribution of the attractive force F 2 (z) becomes more important. This state of affairs is demonstrated in Fig. 8 , for the specific case of a star with f = 18 interacting with a colloid with size ratio q = 15. It can be seen that the contribution from the attractive force is considerably strong and that it brings forward a significant reduction to the overall (net) effective force, in contrast to the case q < 1, for which this term is completely absent. 6 Of particular interest is the asymptotic behavior of the effective force F SC (z) for small values of z and the corresponding behavior of the effective potential V SC (z), for which the scaling law V SC (z) ∼ ln z has been established in the case q < 1. 6 We focus here on the case q 1 and we consider close approaches between the star center and the colloidal surface. Analytical results are straightforward to obtain for the case in which z is small enough, and q is large enough, so that for both terms F 1 (z) and F 2 (z) in Eq. (22), the conditions s < R S and s + t < R S hold throughout the domain of integration
q ≥ 3 (25) are simultaneously fulfilled. In this case, the pressures (s) and (s + t) in Eq. (22) take simple, power-law forms, namely,
throughout the domain of integration of Eq. (22) . Accordingly, the integral can be carried out analytically, yielding for the star-colloid force the expression Figure 9 shows representative results of the effective starcolloid force for parameter combinations such that Eq. (28) holds; for completeness, both the analytical and the numerical result, which fully coincide, are shown there. As Eq. (28) readily establishes, the asymptotic form of the effective force for z → 0 is an inverse-power, F SC (z) ∼ 1/z, giving thus rise to a logarithmically diverging effective potential V SC (z) as the star center approaches the colloidal surface. It is worth mentioning that the contribution from the "rear side" of the col- loid to the force, F 2 (z), is given by the last three terms in the brackets of Eq. (28); as can be seen there, this contribution remains finite even as z → 0 and thus it has the overall effect of reducing the effective force by a constant. Therefore, the logarithmic divergence of the potential is brought about by the strong repulsions between the inner part of the star and the colloidal surface at the "front side" of the colloid, which faces the star center. The logarithmic form of V SC (z) as z → 0 thus arises as a universal characteristic of the same, irrespective of the colloidal size, since in Ref. 6 it was shown that it also holds for the opposite case, q < 1, including the flat wall (q → 0). The inset of Fig. 9 shows the numerical result for a symmetric case, q = 1.5. Also there, the scaling F SC (z) ∼ 1/z can be seen. However, the range of validity of this asymptotic form is much broader there, as it can be readily established by comparing the abscissas of the main plot and the inset. Indeed, as Eq. (28) shows, the asymptotic behavior sets in for distances z R c or z/R S q −1 . Accordingly, one has to go to very close approaches to see the logarithmic divergence of the effective potential as q grows. Finally, in Fig. 10 we show a comparison of the analytical expression, Eq. (28), with the exact result, Eq. (22), also for parameter combinations for which Eq. (28) does not hold, either because condition (24) or because condition (25) is violated, or both. It can be seen that for sufficiently large values of q the analytical expression works quite well for all values of z, whereas discrepancies between the two become clearly visible as q diminishes. Even in that case, however, the asymptotic behavior F SC (z) ∼ 1/z as z → 0 maintains its validity.
The center-to-center effective cross-interaction potential V SC (r) is, evidently, infinite for r < R c and it is obtained from the center-to-surface interaction discussed above via the formal substitution z → r − R c for r ≥ R c . With all three effective potentials readily available, it is advantageous to perform a second mapping to effective hard-sphere interactions with hard-sphere diameters σ ij , i, j = S, C obtained with the help (28), i.e., the inequalities (24) and (25) of the Barker-Henderson approximation, 49 i.e.,
Evidently, σ CC /2 = R c , independently of star functionality and size ratio, whereas σ SS is an f-dependent quantity 33 and σ SC depends on both f and the size ratio q. With the help of the effective hard sphere diameters, we can define the non-additivity parameter = (q, f) of the mixture via the relation
Results for (q) for various different functionalities are shown in Fig. 11 . The non-additivity parameter displays, for fixed f, a non-monotonic behavior as a function of the size ratio, which stems from the dependence of σ SC on the size ratio and can be understood as follows. As q → 0, the colloids are much bigger than the stars and the latter become "point particles," whose interaction can be ignored, since the physics is dominated by the hard-core repulsions. Accordingly, σ SC → R c because the range of the tail of the star-colloid interaction has a vanishingly short range compared to the colloidal radius; on the same grounds, σ SS → 0 and Eq. (30), together with σ CC /2 = R c lead to → 0 in this limit. As the stars start growing in size, the cross interaction, which is stiffer than the star-star interaction in this range, leads to positive values of . On the other hand, at the opposite limit, q 1, the colloidal size becomes negligible and the hard spheres can penetrate arbitrarily closely to the star center, so that σ CC , σ SC → 0 whilst σ SS remains finite. Accordingly, (q) → −1 in this limit. It follows that the non-additivity parameter crosses over from positive to negative values at some f-dependent value q * as q grows, for any given f. For fixed q, on the other hand, (f) is a monotonically increasing function of f.
The non-additivity parameter is a very useful tool to make reliable predictions on the stability of the system against demixing, because it is known that even small, negative values of strongly suppress macrophase separation, whereas positive ones strongly enhance it. [50] [51] [52] [53] Motivated by this fact, The "state diagram" of star-polymer-colloid mixtures, in the functionality-size ratio plane showing a prediction of the mixing and demixing regions of the system. The points denote numerical solutions of the equation (q; f) = 0 and can be read-off from Fig. 11 . The thick gray line passes through all these points and it serves as a guide to the eye. Above this line, < 0 holds and we expect the mixture to be stable against demixing, whereas below the line > 0. Thus, mixtures in this region have the propensity of becoming unstable with respect to demixing at sufficiently high overall concentrations.
we draw in Fig. 12 a rough-and-ready "state diagram" of the mixture by plotting, on the (f, q)-plane, the locus of points for which = 0. Above this line, < 0 and the mixture is expected to be stable against phase separation at all concentrations: well-mixed star-colloid nanocomposites are thus expected as the size ratio of stars to colloids grows, and the threshold value of q becomes bigger with functionality of the stars. On the other hand, for > 0, macro phase separation is expected at sufficiently high overall densities, with the value of the consolute density becoming lower as grows. This is supported by previous experimental and theoretical results obtained in the colloidal limit, 0.18 ≤ q ≤ 0.49, for which macrophase separation has been observed, 30 in full agreement with the results in Fig. 12 , in which the q ≤ 0.5-region lies well inside the demixing part for all f-values. Nevertheless, we emphasize that the separation into mixing and demixing region according to the sign of the non-additivity parameter mostly serves as an orientation, i.e., it is not an exact result. Accordingly, the gray line of Fig. 12 is intentionally drawn as a broad strip and it should not be understood as a strict border between the two regimes.
V. CONCLUSIONS
In this work, we have presented a comprehensive derivation of the effective potentials acting between star polymers and colloids for various size ratios q, and for arbitrary star functionalities f, obtained both via analytical calculations and full monomer Monte Carlo simulations. Within the theoretical approach the potentials were derived by integrating the functional form of the osmotic pressure generated by a colloid onto a star polymer. Excellent agreement between the simulation results and the analytical approach was shown, thus allowing to use the theoretical framework to predict the functional form of the effective potentials between stars and colloids for ranges of functionality f that could not be easily reached via numerical methods, but are of great experimental interest. Being able to reliably determine effective potentials between star polymers and colloids provides thus for a full and realistic coarse-graining of the complex mixture also in the nanocomposite limit, in which the size of the stars significantly exceeds that of the dispersed colloidal particles. It also allows us to make quantitative predictions on the miscibility and thermodynamic stability of these composites, leading to the result that colloids of size much smaller than the stars will mix well with the latter, at least in the absence of enthalpic interactions between the two.
With the coarse-grained picture readily available, a number of questions regarding the behavior of concentrated starcolloid mixtures become tractable by means of theoretical and simulation approaches, and it allows for direct contact with experimentally accessible information. In particular, the way is now open for the investigation, by means of integral equations and simulation, of the full structure of the mixture. Of major importance is the influence that the small colloids have on the star-star partial correlation functions, depending on their size and the star functionality. We expect that for very high values of q this effect will not be important, since the colloids can easily penetrate in the star interior. However, for high star functionalities, colloids of size ratios even as large as q = 10 will have significant impact on the structure of a high functionality star matrix, as witnessed by the fact that the value of there is close to the borderline case = 0. It is thus anticipated that a small amount of colloids will influence the properties of the arrested star polymer glass. 38 Threeand higher body effective interactions play a significant role when analyzing properties of systems at density considerably higher than the overlap density of star polymers. 34, 55 However, glass formation and re-melting take place at densities around the overlap star-polymer concentration, where the physics is dominated by pair effective potentials. Access to the full pair structure of the system, in combination with the mode coupling theory of the glass transition will allow us to shed light into this experimentally relevant question. It will also be quite interesting to consider now the smaller colloids as depletants of the stars and analyze the impact they have on the star-star effective interaction. These topics will be the subject of future work.
